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The process of topological phase transition in a chiral magnetic material from skyrmion lattice
phase to helical phase has been investigated numerically and experimentally, yet the analytical
expression of the evolution of skyrmion number and emergent magnetic monopole charge during the
process is still waiting to be explored. In this letter, by utilizing the topological current theory, we
show that the change of skyrmion number of a layer in the system is equal to the net monopole
charges that flows through the layer. Based on this relation, with the help of statistical argument,
we derive the analytical expressions of the skyrmion number and the monopole charge as functions of
the external magnetic field. We find that the evolution of the skyrmion number is exactly the logistic
growth function, and the evolution of the monopole charge is proportional to the derivative of the
skyrmion number of the system. our analytical results are in good agreement with the numerical
simulations in [24]. The goodness of data fitting goes up to 99.94%.
PACS numbers: 75.10.-b, 75.25.-j, 75.78.-n, 75.70.Kw
Due to potential applications in spintronics and quan-
tum information [1–3], skyrmions have been attracting
numerous efforts in recent years [4–12].
Skyrmions are emergent topologically protected struc-
tures [13–15] which can naturally arise in magnetic thin
films [16–18] or in bulk magnets [19–21] when the temper-
ature of the system is sufficiently below the Curie point.
In 2D thin films, a skyrmion is whirl-like magnetic con-
figuration consisting of a core and its surrounding mag-
netization vector field, and its core is a small region with
magnetization inside pointing perpendicular to the plane
of the thin film. A 3D bulk magnet can be looked upon
as a stack of magnetic thin film layers, in a small external
magnetic field, skyrmions in adjacent layers will align on
top of each other, forming skyrmion lines oriented paral-
lel to the small external magnetic field.
In order to describe the topological properties of a
magnetic configuration in a magnetic system, a skyrmion
number [13–15] for a 2D magnetic thin film or a layer
perpendicular to the external magnetic field in 3D bulk
magnet is defined as follows
QSkyrmion =
1
4π
∫
~m · (∂x ~m× ∂y ~m) dxdy (1)
with ~m = ~M/‖ ~M‖ being the normalized magnetization
vector field and x and y being the spatial coordinates of
the 2D magnetic thin film or the layer in the 3D magnet.
In fact, this is exactly a topological number called Pon-
tryagin index, it is a integer number and a topological
invariant for a continuous manifold, in other words, the
skyrmion number will not be changed under continuous
deformation of the unit vector ~m.
However, since the real magnetic material possess
lattice structure, microscopically, ~m can only be well-
defined on lattice sites, possible singularities off lattice-
sites may be involved, and the skyrmion number will be
changed mediated by emergent monopoles [22, 23]. This
has been proven by recent experiment [24]. After prepar-
ing the skyrmion lattice in a chiral magnet in external
magnetic field, it is observed that, by changing the ex-
ternal field, two skyrmions may merge into one or sin-
gle skyrmion may split into two, during these processes,
singular magnetic configurations locate exactly at the
points of coalescence and separation. These singular con-
figurations are indeed the so-called emergent magnetic
monopoles or antimonopoles [25]. Thus, by changing the
external magnetic field, topological phase transition as-
sociated with the change of skyrmion number has been
achieved. Hence the relations between skyrmion num-
ber as well as the topological charge of monopoles and
external magnetic field deserve to be investigated in de-
tail. Actually, numerical simulation on this topic has
been conducted [24], yet the analytical expression of the
curves of skyrmion number and monopole charge along
with the changing of external magnetic field has not been
unveiled, and this is the main goal of the present letter.
In a 2D magnetic thin film, the skyrmion number in
Eq.(1) can be written in a more symmetric way as
QSkyrmion =
1
8π
∫
ǫ0µνǫabcm
a∂µm
b∂νm
cdxdy (2)
with the Greek letters µ and ν standing for the two-
dimensional spatial indices and the Latin letters a, b and
c for the spin indices, the index 0 denotes the time param-
eter t. The topological charge density of skyrmions can
further be re-expressed in terms of magnetization vector
field ~M as [23, 26]
q =
1
8π
ǫ0µνǫabc
Ma
‖M‖
∂µM
b∂νM
c. (3)
By the use of the topological current theory [26, 27] and
the Laplacian Green’s function relation, straightforward
2calculation shows that
∂tq = D
(
M
z
)
δ( ~M), (4)
whereD(M/z) is the Jacobian of ~M and ~z = (t, x, y). Eq.
(4) clearly shows that the change rate of the skyrmion
number is zero when ~m is well-defined in the whole space-
time, i.e. when ~M possesses no zero point. However, the
existence of singularities of ~m does change the skyrmion
number. These singularities are the so-called emergent
monopole events which are located at the zero points
~zi = (ti, xi, yi) of ~M , i.e. ~M(~zi) ≡ 0. Hence it is not
difficult to recognize that after a time interval ∆t we
have
∆QSkyrmion =
∑
i
QMonopolei , (5)
i.e. the change of the skyrmion number in this time in-
terval is equal to sum of the topological charges of all
monopoles appearing during the time interval. In fact,
the topological charge Qi of the i-th monopole is exactly
the wrapping number Wi of unit vector field ~m at its i-
th singular point ~zi [28], due to the second homotopy of
sphere π2(S
2) = Z, it is an integer.
For a 3D chiral magnet in external magnetic field, the
above relation also holds true. Suppose the external field
is along the z direction, in a layer perpendicular to the
external field, the change of the skyrmion number after
a time interval reads
∆QSkyrmion(z) =
∑
i
QMonopolei (z), (6)
the right-hand-side of the equation indicates the sum of
the charges of monopoles going through the layer from
below during this time interval. It should be pointed out
that an extra minus sign should be inserted in front of
the monopole charge if the monopole goes through the
layer from above.
Based on the above relation, we are going to inves-
tigate the behavior of the skyrmion number as well as
the monopole number in the system from a statistical
perspective. To do so, some definitions and statistical
argument should be made first.
1. Due to the homogeneity of the system in the bulk,
an average skyrmion number QS(t) per layer at time t
can be defined as
QS(t) =
1
L
∫ L
0
Qskyrmion(t, z)dz, (7)
L is the thickness of the bulk material. We denote the
maximum number of skyrmions allowed in the system
per layer by K, and the average initial skyrmion number
per layer is Q0
2. Since the monopoles and antimonopoles are as-
sociated with splitting and annihilation of skyrmions,
hence statistically speaking, monopoles (MP) and anti-
monopoles (AMP) should be homogenously distributed
in the bulk of the system. Accordingly, we denote the
monopole number and antimonopole number per unit
thickness by QMP and QAMP , respectively. In fact, the
emergent monopoles (antimonopoles) experience forces
coming from the external magnetic field [25, 29], causing
MPs and AMPs flows along the z-direction oppositely,
and since the MPs and AMPs possess opposite charges,
their topological currents are along the same direction.
Due to the spatial inverse symmetry of the system, it is
safe to take the their average drift velocities to be vMP =
−vAMP ≡ vdrift. Consequently, we see that during the
time interval ∆t, the total charge of the monopoles flow
through a layer is equal to (QMP + |QAMP |)vdrift∆t.
Since the relation in Eq. (6) is also true when taking
average with respect to z on both sides, we then have
∆QS = (QMP + |QAMP |)vdrift∆t. (8)
3. For a large system, it is reasonable to assume that
every two skyrmions are equally likely to merge and cre-
ate a MP/AMP in its merging point, thus the number of
MP/AMP in the bulk is proportional to the number of
existing skyrmions
QMP/AMP ∝ QS(t). (9)
Meanwhile, since in the system every annihilated
skyrmion is associated with a MP/AMP, hence the num-
ber of MP/AMP is also proportional to the number of
skyrmions which have already been annihilated, i.e.
QMP/AMP ∝ QS(t){annihilated} = K −QS(t). (10)
By combining Eqs. (9) and (10), and setting the coeffi-
cients to be r1 and r2 for MP and AMP respectively, we
have
|QMP/AMP | = r1,2Q
S(t)(K −QS(t)) (11)
With all the necessary information in hand, we can now
go further to get the evolution functions of the skyrmion
number and MP/AMP numbers.
Substitute Eq. (11) into Eq. (8), and then take the
limit of ∆t→ 0, we get
dQS
dt
= rQS(t)
(
1−
QS(t)
K
)
, (12)
where r = (r1 + r2)vdriftK. The solution of this differen-
tial equation is
QS(t) =
KQ0e
rt
K +Q0(ert − 1)
. (13)
We find that the evolution function of skyrmion number
of the 3D chiral magnetic system is exactly the logistic
function!
3Straightforwardly, we have for the charge of
MPs/AMPs
QMP/AMP = ±
r1,2K
r
dQS(t)
dt
, (14)
the plus and minus signs in the right-hand-side corre-
spond to MP and AMP, respectively. Together with Eq.
(13), this leads to the expression of MP/AMP charges in
the bulk,
QMP/AMP = ±
r1,2K
r
rKQ0(K −Q0)e
−rt
[(K −Q0)e−rt +Q0]2
. (15)
It should be pointed out that the system will stay in
an equilibrium state when keeping the external physical
condition unchanged. In order to observe the evolution
of the skyrmion number as well as monopole numbers
in experiment and in numerical simulation [24], the ex-
ternal magnetic field is set to vary slowly, the process
is sufficiently slow to keep the metastable nature of the
system.
In order to obtain the relations between the topological
charges and the external magnetic field, the time param-
eter t has to be replaced by B. Since the magnetic field
changes with a very slow constant rate, i.e.
dB
dt
=
1
h
= const.
Therefore, the topological charges, expressed in terms of
the field strength B, are
QS(B) =
KQ0e
rhB
K +Q0(erhB − 1)
, (16)
and
QMP/AMP (B) = ±
r1,2K
2
4
sech2
[
rh
2
(B −B0)
]
, (17)
where B0 =
1
rh ln(
K
Q0
− 1).
We should keep in mind that Eq.(16) only describes
the topological charge of the skrymions in the bulk. In
order to make a direct comparison with the numerical
simulation for the skyrmion number on the surface of the
material [24], let us go back to Eqs. (8) and (11). We see
that Eq. (11) is not valid for both MPs and AMPs simul-
taneously at the upper or lower boundaries of the bulk.
As is known, due to the drift caused by the external mag-
netic field, AMPs near the lower boundary move towards
the outside of the bulk, then lose their topological pro-
tection and vanish. Therefore, on the lower surface, Eq.
(11) is only valid for MPs, while the AMPs are nearly
absent, i.e.{
QMP = r1Q
S(t)(K −QS(t)),
QAMP ≈ 0,
at z = 0. (18)
The same situation is faced on the upper surface where
the topological charge of MPs is nearly zero. By taking
all this into account, we finally obtain that on the surface
of the system the skyrmion number is expressed in terms
of B as
QSboundary(B) =
K ′Q′0e
r˜hB
K ′ +Q′0(e
r˜hB − 1)
+Qscorrection, (19)
whereQscorrection = const. is a correction term, K
′ andQ′0
as well as r˜ are revised parameters. In other words, the
evolution of skyrmion number on both surfaces satisfies
the modified logistic growth curve in Eq. (19).
It should be emphasized that the above discussion is to-
tally based on topological argument and statistical analy-
sis, no dynamical details are involved. Therefore, the ex-
act values of the parameters in our results cannot be spec-
ified analytically. Nevertheless, by the use of the data fit
technique in numerical analysis, we can always compare
our analytical expression with the numerical simulation
to check the validity of our result. The comparison of
numerical simulation [24] for the surface skyrmion num-
ber and our modified logistic curve in Eq. (19) is shown
in Fig. 1, the corresponding parameters K ′ = 1.043,
Q′0 = 0.003575, r˜h = 189.5 and Q
s
correction
= 0.09121 are
determined by data fit. An excellent agreement is found,
and the goodness of the fit is R2 = 99.94%.
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FIG. 1: (Color online) The evolution curves of the skyrmion
numbers on the lower and upper surfaces with respect to the
external magnetic field B. The black curve is from our ana-
lytical expressions in Eq. (19). The dots with error bars are
the numerical simulation results presented in Ref.[24].
From Eq. (17) we see that a direct calculation of the
monopole charge require the information of K and Q0,
these can be approximately obtained from the expression
of skyrmion number on surface, i.e.
K = lim
B→∞
QS(B) = lim
B→∞
QSboundary(B)
Q0 = lim
B→0
QS(B) = lim
B→0
QSboundary(B)
Thus, we get K = 1.1336, Q0 = 0.00947 and B0 =
1
rh ln(
K
Q0
−1) = 2.3948 1rh for Eq. (17). By taking into ac-
count that the simulation results [24] gives the monopole
4number density in the bulk, there should be an addition
constant factor in Eq. (17) that reflects the size of the
bulk material, hence we have for the monopole number
density
nMP/AMP (B) = Csech2(
rh
2
B − 1.1974). (20)
The comparison with the numerical result [24] is exhib-
ited in Fig. 2 with C = 0.053 and rh = 113.5, the good-
ness of the fit is R2 = 95.23%. Again, this comparison
shows that our analytical result matches well with the
numerical simulation.
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FIG. 2: (Color online)The evolution curves of the MP/AMP
charge density in the bulk of the chiral magnet with respect
to the external magnetic field B. The black curve is from our
analytical expressions in Eq. (20). The dots with error bars
are the numerical simulation results presented in Ref.[24].
In conclusion, by the use of the topological current
theory, the relationship between the change of skyrmion
number and the emergent monopole charge has been pre-
sented. It is found that the change of skyrmion number of
a layer in the system is equal to the net monopole charges
that flows through the layer. Based on this relation, with
the help of fundamental statistical argument, the analyt-
ical expression of the evolution functions of skyrmions
and monopoles in a 3D chiral magnet with respect to the
external magnetic fields have been derived. It is found
that the evolution of the skyrmion number in the bulk of
the system satisfies the logistic function, while the growth
curve of the surface skyrmion number turns out to be a
modified logistic curve. Comparison shows that our ana-
lytical result is in an excellent agreement with numerical
simulations [24]. Our analytical result may shed a light
to the research on skyrmions in chiral magnets as well as
topological phase transitions in those systems.
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